Abstract: Mode locked pulse generation has been reported using both active and passive mode locking schemes. Active mode locking technique has been proven to be an effective way to generate high-repetition-rate pulses by incorporating a modulator inside the laser cavity. Compared to actively mode locked lasers, passively mode locked lasers can generate pulse train at ultrashort pulse width but with relatively lower repetition rate. Thus, it is a brilliant idea to build a hybrid mode locked system combining both active and passive mode lockers. In this review, several hybrid mode locked fiber ring laser systems are discussed and summarized. Hybrid mode locking is a promising method to generate high speed ultrashort optical pulses for fiber-optic telecommunication system.
Introduction
The generation of stable high speed ultrashort pulses is very important for fiber-optic telecommunication system. Future transmission systems may operate at data rate 250Gb/s or more [1] . Among various platforms, active harmonic mode-locking has proven to be an effective way to generate high-repetition-rate pulses by incorporating an electro-optical intensity modulator, such as LiNiO3 modulators or electric absorption modulators (EAM) inside the laser cavity. In particular, the implementation of rational harmonic mode-locking technique is able to overcome the modulator bandwidth limitation and further increase the repetition rate [2] . However, with rational harmonic mode-locking, the temporal pulse duration is usually limited to several picoseconds. Furthermore, the amplitudes of pulse train suffer from severe fluctuations in the time domain. This amplitude unevenness is not good for fiber optic communication systems. Several researchers have carried out experiments to either compress the optical temporal width or suppress the supermode noise to improve the laser stability. These schemes include (1) adiabatic soliton compression techniques [3] [4] , (2) multiple-step compression based on self phase modulation in highly nonlinear fibers or semiconductor optical amplifiers (SOA) [5] [6] , (3) a comb-like profiled fiber (CPF) to emulate dispersion decreasing fiber [7] [8] , (4) saturable optical absorbers such as nonlinear optical loop mirror (NOLM) [9] [10] [11] .
Compared to actively mode-locked lasers, passively mode-locked fiber lasers have the advantage of generating pulse train at ultrashort pulse width. Recently, compact passively mode-locked fiber lasers have been successfully constructed to generate subpicosecond pulses by using a saturable absorber (SA) such as semiconductor saturable absorber mirror (SSAM) [12] , graphene [13] , nonlinear polarization rotation (NPR) technique [14, 15] and nonlinear fiber loop mirror [16] . Despite the fact that those passively mode locked lasers can produce ultrashort pulses, the passive mode-locking scheme suffers from the drawback of low repetition rate, which is generally at MHz-level. A possible solution would be to build a hybrid mode-locked scheme to combine this two mode-locking methods.
In this review, three types of hybrid mode locked schemes [17] [18] [19] were discussed and summarized both numerically and experimentally. All the schemes incorporate saturable absorbers into the rational harmonic mode locked laser cavity, which were able to generate optical pulse trains with high repetition rate and short pulse width.
Hybrid mode locked fiber ring laser using charcoal nano-particles
Since the first demonstration of graphene saturable absorber for passively mode-locked erbium-doped fiber lasers (EDFLs), versatile graphene samples in different forms have been developed, including single-layer graphene [20] , few-layer graphene [21] , multi-layer graphene [22] , graphene polymer [23] , graphene composite [24] , graphene solution [25] and graphite nano-particle [26] etc., which progressively show the capabilities on initiating the ultrafast saturable absorption in the EDFL cavity. Recently, Singh et al demonstrated a green and simple method to synthesis the graphene nano-sheets from a pencil using the electrochemical exfoliation [27] . The bulk charcoal structure in a pencil is confirmed to be similar with graphite that contains multi-layer graphene. In the meantime, Lin's group also obtained the charcoal nano-particles by simply polishing the pencil [28] , and presented that even the unprocessed charcoal nano-particles possess the ability of saturable absorption.
Experimental Setup and Working Principle
The experiment setup of fiber ring laser system is shown in Figure 1 . The system consists of a 23m long Er-doped fiber, a WDM coupler, a 980nm laser diode, a 10% output coupler, an isolator, a polarization controller, a Mach-Zehnder type modulator and a synthesizer. All components were connected by regular single-mode fiber. We use a 980nm laser diode to pump the EDF and a 980/1550 wavelength division multiplexer (WDM) is involved to deliver the pumping power. The isolator is placed in the ring system to decide circulation direction and avoid feedback. The PC is inserted in the system to control the intra-cavity polarization. The synthesizer is used to generate the RF signal to drive the Mach-Zehnder type modulator which has a bandwidth of 11GHz. The charcoal nano-particles are confined between two SMF patchcord connectors side the ring cavity. The output optical coupler provides 90% feedback ratio and 10% output coupling ratio. The triturated charcoal nanoparticles which are mechanically polished from the pencil were directly brushed onto the end-face of single-mode fiber (SMF) patchcord connector to be the saturable absorber for the fiber ring laser system using the imprinting-exfoliation-wiping method [26] .
A 20-GHz pulse train can be obtained from the ring cavity shown in Figure 1 with or without the charcoal nano-particles through rational harmonic mode locking (RHML). The fiber laser with a MZ modulator incorporated is actively mode-locked by carefully tuning the frequency of the RF signal and the polarization controller. When the fundamental frequency of the cavity is fc and the modulation frequency fm satisfies the condition fm = (n+1/p) fc, where n and p are both integers, the laser resonator operates in the rational harmonic modelocking (RHML) regime and pulses with a repetition rate of (np+1) fc can be produced. In our case, fc is 2.8MHz, and fm is set at (3571+1/2) fc ≈ 10GHz to realize 2nd order RHML. The saturable absorbance of charcoal nano-particle is characterized by fiber ring laser illumination. The charcoal nano-particles used in the absorption measurement is the same sample as used in the laser experiment. The optical absorption of charcoal nano-particle is reduced under high optical power illumination because the carrier transition from valence band to conduction band is forbidden by the Pauli blocking effect [29] . The optical absorbance α of charcoal nano-particle is correlated with the linear absorbance (qlin), the nonlinear absorbance (qnon), as described by [17] 
where Iin denotes the input intensity, Isat the saturation intensity of charcoal nano-particle. The saturable absorption of charcoal nano-particles is shown in Figure 2 (a) with a modulation depth of 36%. Fitting this curve obtains the linear loss of qlin=0.37, the nonlinear loss of qnon=0.48, and the saturation intensity of Isat=103kW/cm 2 which is a relatively low intensity for initiating the saturable absorption. The saturable transmittance is also shown in Figure  2 
Numerical simulation method
The mode locked pulse evolution of the fiber ring laser cavity in Figure 1 can be simulated by solving equations from 3 to 6. Equation 3 is an extended nonlinear Schrödinger equation [30, 31] which was used to model the gain medium, EDF in Figure 1 , of the fiber ring laser. In equation 3, A(z, T) is the slowing varying amplitude of the pulse envelope, β2 and β3 are the second and third order dispersion parameters, respectively. γ represents χ 3 nonlinearity parameter, and Ωg is the gain bandwidth of the EDF. g is the gain of the EDF, which can be modeled by
where g0 is the small signal gain, E is the energy of the pulse envelop. Esat-gain represents the gain saturation energy of the EDF. Split-step Fourier method [32, 33] was used to solve the equation (3) to simulate the pulse transmission in EDF. The pulse evolution in single mode fiber (SMF) which composes the ring laser cavity can also be simulated by solving equation 3 if we set the gain parameter g as 0. The saturable absorption property of the charcoal nanoparticles incorporated into the cavity was modeled by equation 4. The 90/10 coupler in our fiber ring laser system as in Figure 1 can be simulated by solving equation 5 where R equals to 90%. The Lithium Niobate modulator can be simulated by solving equation 6, where Vπ is the required voltage for a π phase shift between two arms of the modulator, V(t) is the voltage applied to the modulator. In this scheme, the modulator is driven by a RF signal at frequency
in which Vb is the DC voltage bias of the modulator, Vm is the amplitude of the RF signal. The numerical simulation was initiated by launching into the system a seed pulse with small amplitude. The pulse evolution within the ring cavity is then iteratively modeled until a steady state is reached after many roundtrips.
It should be mentioned that the asymptotic state is independent on the seed pulse. Pulses having the same characteristics can be obtained as well when pumped with white noise in the simulation. Figure 3 shows the RF spectrum of the output pulse from the rational harmonic mode locking fiber ring laser with (b) or without (a) charcoal nano-particles in the cavity. Many side-bands are observed in Figure 6 (a). The highest peak corresponds to the frequency of the fiber ring laser which is 20GHz. The separation between these sidebands is equal to the fundamental cavity frequency of the fiber ring laser fc=2.8MHz so they are assumed to be the supermodes of the fiber ring laser. These supermodes cannot be removed by tuning the modulation frequency fm and polarization controller in the cavity. However, no supermodes were observed in Figure 6 (b) with the charcoal nano-particles inside the ring cavity. The reduction of the supermodes in the RF spectrum can improve the stability of optical pulse generation in rational harmonic mode locking. The reduced amplitude of the supermodes in the fiber ring laser is the result of the saturable absorption character of the charcoal nanoparticles.
Experimental results and discussion
(a) (b) Figure 3 : RF spectrum of rational harmonic mode locking at 20Gb/s. (a) without the charcoal nanoparticles in the fiber ring laser cavity and (b) with the charcoal nano-particles in the fiber ring laser cavity.
Figure 4(b) shows the experimental fiber ring laser pulse shape, autocorrelation pulse with pulse width ~ 5.6ps, without charcoal nano-particles inside the ring. This result is in good agreement with the numerical simulation result, which is shown in Figure 4 (a). The charcoal nano-particles inside the cavity can greatly improve the pulse shortening mechanism of the fiber ring laser due to their saturable absorption character. Figure 4(d) shows the experimental autocorrelation pulse with charcoal nano-particles inside the ring with pulse width ~3.2ps, about 57% of the pulse width without charcoal nano-particles. This experimental result is also in good agreement with the numerical simulation result, which is shown in Figure 4 (c). Thus, with charcoal nano-particles inside the ring, shorter pulses can be generated with improved stability. The optical spectrum without charcoal nano-particles in the ring centered at 1561 nm, with a 3-dB bandwidth of 0.80 nm, as shown in Figure 5 (a). With charcoal nanoparticles, the bandwidth of the optical spectrum is broadened to 1.4 nm, as shown in Figure  5 (b). (a) (b) Figure 5 : Optical Spectrum of output pulse (a) without charcoal nano-particle (b) with charcoal nanoparticle
Hybrid mode locked fiber ring laser using graphene saturable absorber
Recent advances in materials have further expanded opportunities for robust and costeffective pulse lasers [34] [35] [36] . Since the initial report by Bao et al. [37] , mode-locked fiber lasers based on graphene saturable absorbers have attracted much attention due to their outstanding properties including ultrafast recovery time, wide range wavelength tunability, low saturation power, large modulation depth, and high damage threshold [38] [39] [40] . Thus, graphene based saturable absorber is a promising candidate to realize hybrid mode locking.
Experimental Setup and Working Principle
An experimental setup similar to Figure 1 can be used to realize hybrid mode locking as shown in Figure 6 with Graphene SA replacing nano-charcoal inside the fiber ring cavity. The length of the SMFs is carefully adjusted to ensure the insertion of the SA does not drift the cavity's fundamental frequency significantly. To characterize the prepared graphene saturable absorber, the intensity dependent absorption was measured as illustrated in Figure 7 . The optical transmittance of the graphene absorber is correlated with the linear absorption αlin and nonlinear absorption αnon(I) 
The saturable absorbance αnon(I) is given by: 
where Isat is the saturation intensity. 
Numerical simulation result
The numerical simulation of the laser operation can be conducted [19] . Light propagation inside the laser cavity can be simulated by solving equation (3) to (6) by using the split-step Fourier method [41] [42] [43] . Simulation was initiated by launching into the system a seed pulse with small amplitude. The pulse evolution within the ring cavity is then iteratively modeled until a steady state is reached after many roundtrips. Figure 8 and Figure 9 depict the simulated pulse development and the steady-state solutions of the output pulses, respectively. The FWHM is 5.35 ps when operated solely in the RHML (rational harmonic mode locking) regime, and narrowed by a factor of 0.55 to 2.95 ps in the hybrid mode-locking regime. It should be mentioned that the asymptotic state is independent on the seed pulse. Pulses having the same characteristics can be obtained as well when pumped with white noise in the simulation. Comparison of the simulated output pulses generated from fiber lasers implementing rational harmonic active mode-locking and hybrid mode-locking.
Experimental results and discussion
The combination of an active and passive mode locker results in the improvement of the laser performance by compressing the pulse duration, as can be seen in Figure 10 . The FWHM of the pulse is shortened to 2.82 ps, indicating a compression factor of 0.53. Meanwhile, it is worth noting that the bandwidth of the optical spectrum is broadened to 1.38 nm, leading to a TBP value of 0.479. Due to the insertion loss introduced by the SA, the output power is reduced to -2.8 dBm (0.52 mW) and the signal-to-noise ratio is 15 dB. In this hybrid mode locking scheme, the role of the active mode locker is to produce a high-speed optical pulse train. The modulator is capable of being driven at a frequency equal to a high multiple of relatively low fundamental frequency, thus the generated pulse train has a high repetition rate at the level of a few GHz. Furthermore, by applying the RHML technique, even higher repetition rate can be easily reached. However, this is rarely accomplished by passive mode lockers, especially graphene saturable absorbers. On the other hand, the passive graphene mode locker acts as a pulse compressor. This is expected since the recovery time of graphene is much shorter than the pulse width, hence the transmittance reacts to the instantaneous intensity of the injected light. As can be seen in Equation (8), the central part of the pulse with higher intensity experiences less absorption than the leading and trailing edges, which gives rise to pulse narrowing.
Hybrid mode locked fiber ring laser based on NPR in PCF
The nonlinear polarization rotation (NPR) technique combined with a polarizer can induce an intensity depended loss in the cavity, and has been used to achieve ultrashort pulses in fiber lasers. In [44] , Luo et al constructed a L-band passively mode-locked fiber laser utilizing the NPR technique and generated pulses with full width at half maximum (FWHM) 458.7 fs. However, the pulse repetition rate is only at 8.6 MHz. Liu et al reported the generation of a stable passive 23 rd harmonic mode-locked pulse train at 230 MHz with a pulse width of 0.44 ps [45] . Despite the fact that those NPR based passively mode locked fiber lasers can produce ultrashort femtosecond pulses, they suffer from the drawback of low repetition rate (only at MHz level) with respect to the total cavity length, which limits their applications in high speed fiber optic communications.
Experimental Setup and Working Principle
Figure11. Experiment setup of the hybrid mode-locked fiber ring laser based on the combination of rational harmonic mode locking and the passive nonlinear polarization rotation technique. EDFA: Er-doped fiber amplifier, MZM: Mach-Zehnder modulator, PC: polarization controller, OC: optical coupler. Figure 11 shows the experimental setup of the proposed hybrid mode-locked fiber ring laser system. The gain of the fiber laser is provided by an EDFA, which consists of a 23-m long Erbium-doped fiber (EDF) and a 980-nm pump laser diode. A LiNbO3 Mach-Zehnder modulator (MZM) driven by ~10 GHz radio frequency (RF) signal is utilized for rational harmonic mode-locking. Because the loss of the LiNbO3 modulator is polarization sensitive, a polarization controller PC3 is inserted at the input port of the modulator. An optical isolator in the cavity is to ensure unidirectional propagation of the laser mode. A highly nonlinear photonic crystal fiber (PCF), a inline polarizer and two PCs (PC1 and PC2) are used to generate nonlinear polarization rotation effect. If we remove polarization controllers PC1, PC2 and the polarizer, then there is no NPR effect in the cavity. The polarization controllers used here utilizes stress-induced birefringence of the fiber to create independent wave plates to alter the polarization of the transmitted light. The fractional wave plate is created by winding a short length of single mode fiber around a spool. Typically, the insertion loss is very low (~ 0.2 dB). Compared to polarization controllers fabricated using bulk components, which use the λ/4 or λ/2 wave plates based on the birefringence of a crystal, fiber polarization controllers (stress induced) do not require fiber-to-free-space coupling; thus they are very easy to incorporate in a fiber cavity with low loss [46] . The laser output is coupled out using a 90:10 coupler. All the components are connected by standard single-mode fibers (SSMFs). The PC-PCF-PC-polarizer structure can introduce the intensity-dependent loss and the transmission principle is shown in Figure 12 . In Fig.2, α1 is the angle between the fast axis of the PCF and the polarization direction of the input signal before entering the PCF. E is the electric vector of input signal. α2 is the angle between the fast axis of PCF and the polarization direction of the in line polarizer. The Kerr nonlinearity of the PCF can generate a rotation of polarization state, which depends on the pulse intensity. The transmission introduced by NPR can be expressed as [47] : T = cos cos + sin sin + sin 2 sin 2 cos(∆ + ∆ ) (9) Δφ = (n − n )/βL (10) Δφ = − γPL cos (11) where β=2π/L is the propagation constant; ΔφL, ΔφNL are the linear and nonlinear phase changes; and L, nx, ny, γ are the length, linear birefringence coefficient of fast axis and slow axis and nonlinear coefficient of the PCF. P is the instantaneous power of input signal. The quantities α1 and α2 which determine the transmission through the NPR structure can be adjusted by changing the two polarization controllers PC1 and PC2. As shown in equation 9, a cosine curve relation between the transmittivity and the instantaneous power can be plotted. The value of α1 and α2 will not only decide the offset and the amplitude of the cosine curve, but also affect the period of the cosine curve. Tuning PC1 and PC2 properly to change the valuse of α1 and α2, then the transmission curve can be varied as shown in Equation 9 . When the rational harmonic mode-locked 30 GHz pulses go through the NPR mechanism, they experience pulse shaping. Therefore, different transmittive curves will result in different pulse shaping mechanisms as suggested by Figure 13 . The three transmission curves in Figure 13 correspond to three differetn α1 and α2 sets. If the NPR induced transmittive curve is the dotted line as shown in Figure 13 , the low intensity part of the pulse (pulse wings) will have high transmission while the high intensity part (pulse center) will experience low transmission. In this case, the NPR somehow acts as a pulse equalizer which can reduce the intensity fluctuations of the pulse train; however due to the high transmission of pulse wings, it will also broaden the pulse width meanwhile. The dashed line in Figure 13 corresponds to a state that the high intensity part (pulse center) of the input pulse experiences little loss, which the low intensity parts (pulse wings) undergo high loss. The NPR in this state has the same funtionality as a satruable absorber, thus only leading to pulse compression. Compared to a saturable absorber, the NPR technique has more flexibility in acquiring various transmittive curves. When the tranmission curve is adjusted to the solid line shape, where the pulse wings still undergo great loss, the pulse center will experience a bit higher loss than its adjacent part. Therefore, at this sate, the pulse wdith is narrowed due to the high absorbtion of the leading and trailing edges and if the pulse peak intensity suddenly rises of falls due to the environmental distrubance or mode competition, the transmission loss of the NPR will also rise or fall correspondingly. As a result, the instantaneous amplitude fluctuations of the pulses are suppressed. Thus compressing the pulse width and equalizing the pulse train amplitudes can be realized simultaneously.
Numerical Simulation
Evolution of pulse width as it makes the round trips in the cavity can be simulated by solving the generalized nonlinear Schrödinger equation (GNLSE) using split-step Fourier method [48] [49] [50] . Figure 14 shows the evolution of pulse width (as it makes the round trips in the cavity) with different polarization configurations (corresponding to different α2 values). Figure 14(a) is the active mode-locking only case and the generated pulse width is ~5.63 ps. In Figure 14 (b) the NPR works strongly as a pulse compressor and the generated pulse width is compressed to ~1.88 ps. In Figure 14 (c) we can see, after some cycles, the pulse width is broadened to ~6.56 ps. The NPR in this state only acts as an amplitude equalizer and as a result the pulse width is broadened. In Figure 14(d) , the NPR does not affect the pulse width significantly and the output pulse width is ~5.25 ps. 
Fiber Laser Experimental result
After carefully tuning the PCs and the frequency of the RF signal, a 30 GHz pulse train with ultrashort pulse width can be generated. If we remove polarization controllers PC1, PC2 and the polarizer, we can assume that the NPR has no effect on pulse shaping or there is no NPR in the cavity. Figure 15 shows the auto-correlation trace of the output pulse train with only RHML (a) and of hybrid mode-locking with NPR (b). Without NPR, the generated pulse train has a calibrated pulse width ~5.8 ps which is very close to the numerical calculated value 5.63 ps. However, with NPR in cavity and after the careful tuning of the PCs, the pulse width of the generated 30 GHz pulse train is shortened to ~1.9 ps. The compressing ratio is as high as 67%. The NPR inside the cavity can greatly improve the pulse shortening mechanism of the fiber ring laser due to the high loss it induced to the pulse wings. The central part of the pulse experiences relatively low loss compared to the pulse wings. This agrees well with the numerical simulation as it shows that with α2=30, the pulse width could be compressed to 1.88 ps. Figure 16 compares the RF spectra of the generated 30 GHz pulse train with only RHML (a) and of hybrid mode-locking with NPR (b). The highest peak in both figures correspond to the operating frequency of the fiber ring laser which is ~30 GHz. As we can see in Figure  16 (a), without NPR, there are sidebands in the RF spectrum. These are the supermodes which cannot be removed by tuning the modulation frequency fm and the polarization controller PC3 in the cavity. However, no supermodes are observed in Figure 16 (b) with the presence of NPR in the cavity. The signal-to-noise ratio is over 25 dB after the NPR incorporated. Because the supermodes competition directly leads to pulse fluctuation between adjacent peaks, the reduction of the supermodes in the RF spectrum can improve the stability of optical pulse generation in high order rational harmonic mode locking [51] . Hybrid mode-locking with NPR in the cavity.
Summary and Perspective
Hybrid mode-locked fiber ring lasers which combine rational harmonic mode locking technique and saturable absorber inside ring cavity have been designed and experimentally demonstrated by using different schemes such as charcoal nano-particles, graphene and nonlinear polarization rotation in photonic crystal fiber. These hybrid mode-locked lasers are able to generate optical pulse train with improved stability (less supermodes), shortened pulse width (~1ps) and high repetition rate (20 to 40GHz). Numerical method to simulate the pulse evolution inside ring cavity has also been proposed by solving nonlinear Schrödinger equations. The hybrid mode locking technique is a very promising way to generate ultrashort optical pulse train with high date rate. Further investigation on hybrid mode locking schemes to generate optical pulse train with pules width less than 1ps and repetition rate higher than 100GHz are required for future optical communication system.
